
Math Logic: Model Theory & Computability
Lecture 07

Definability. Let A := /A
,
o) be a restructure

.

Def
. It PC A (think of elements of P as parametres) .
For neINT := 11 , 2 , 3, ... 3 ,

we say that a set BEA" is -definable if there

is an extended formula 49
,
where lin

,
such that

B = LacA" : AF Y(a)].
More generally , B is called P-definable if there is an extended Or formal

eit
, i) ,

where I =n
,
and PEPM

,
where Itm

,
such that

B = <+A" : Al Y(a
,
P))

.

A function f : A"tA is called P-definable if its graph
G := 4 (a , b) = A"xA : f(a) = b)

is 4-definable. Finally , a taple & EA" is said to be P-definable if
u

the singleton haheA is P-definable.

We say It a set/function/element is definable if it is Adefinable

Examples.
(a) In 1:= ((R

,
0
,
1
, +, 1) , the set of positive reals is 4-definable by the

extended formula 40(x) : = x + 017y(x = y . y) .
Also

,
the relation << IR" is 0-definable by the formula

Ts (n,v) : = Br /Yolu 1 u+ w = v) .

L
Also the rit-r function is -definable by
Y-(x

, y) : = (x + y = 0). Using this
,
we can redefine :

Ys (n , v) == "v-ncO" := w(4-(4
,
w)1Y(v+W)

.

>

-

&



(6) In any
O-structure A := (A

,
o
, every taple - A" is definable

,

in fact P-efinable
,
where P := the elements of A that appear in a

Indeed
,
if =(a

, ..., an) and P = Ta , ..., and , then taking = ,
we

see that

(a) = > 5 + A2 : A + 415
,
i))

where 4/E
, 5) := xi = Yi ,

when E := (x , ... in) , i : = by, ...Yo

() If two sets are P-definable
,

then so is their union
,
also their

complements .

In particular , it follows from (b) that every finite subset

FCA" is definable (but with parametres).

(d) In 1 : = /12
,
0
,

1
,
+
,
)
,

the set IN is not definable
,

but we haven't

Developped the necessary tools (quantifier elimination) to prove this.

(e) In Ni= /(N
,

0
,
S
, +, 1) , every definable set is in fact D-definable .

m

Indeed
,
each formula only uses finitely many parametres and

each natural umber MENN is & -definable by the formula
4 (x) = = S/S) ... S(0) = n

.

um
W

If) let Th(N) : = Y E Sentences /Tarkm) : NE 43 · Each Tarkm-word
-

has a unique codeIN ,
so let PINK IN the set of corresponding

codes. It's a turem of Tarski that 'Th(N) is not definable in I .

(g) Every function I" -> I that one can program on a computer
is A-definable in N := IN

,
P , 3 , +, 1) , in particular , nt 2" .

However
,
we need to postpone proving his until later.

(h) E := (1R
,
0
, 1 +, 1) .

The set 30 , Eh is -definable by the format



la Y(x) : = (x2 = 2)
,
where x = = x x and 2 := H

.
Thas

,

is is also -definable by 4(x) : = U(x) Yoly) .

(i) However
,
in C := (K

,
0
,

1
, +,

1)
,
the at 38

,
-ii) is still Definable

by the same formula as above
,
butU2 is not 0-definable

,

which again follows from the fact thata admits quantifier elini.
nation (a Meorem we will prove later) , hence the only -definable
sets are the sets of roofs of polynomials , and their Boolean

combinations
,

i
. e . finite urious and complements .

Of cours
,
12 is 383-definable in 1 .

We already saw that advanced technipes like quantifier elimination is

used to prove nocidefinability , but here is a cheap technique for this:

Prop . Let A := /A
,
0)
, Bi= /B , oh be o-structures and h : A eB be an

isomorphism .
Then for each extendedOn formula Y(u) and EA)

,

A FU(a) if and only if BE Y(b(a)) ·

Proof. We prove by induction on the construction of 1. Let =A
.

Case) : 4 := t
.
=tz. Then we already know from Lecture 5 that h/tFial) =
th(a))

,
so tla) = tal if and only if t/h(a)) =

+ (h(i))
,
where I holds becase his injective .

Case 2 : Y := R(t, .., to) where RE Relp)t
&
t
, ...,

the are -- terms. Then by the

AFR(t(a), ..., toCa if and only if BARSt . Cu(al), ..., tr(h(i)
by the definition of isomorphism .



Case 3 : 4 := Y , VY2. Follows easily by from the induction hypothesis .

Case 4 : 4 := - 4
. Follows easily by from the induction hypothesis.

Case 5 : 4 := Ju4
.
Then 418

,
2) is an extended formula

,

so by the induce

tion hypothesis for
anya 2 A

,

AF Pla , a) if and only if BF4/4(a)
, <(a) .

Thus
, A FE - Pla, 2) if and only if there is at A sit

. AFY(
,
al

if and only if there is a f A sit
. BFY(U()

,
hal)

ThereIt is by surjectivity of h] if and only if there is btB sit
. BE 4/h(q), b)

if and only if BFFnY(h(a) , 2) .

Cor · Let A : = (A
,
5) be a o-structure and DE A" be a P-definable

set . Then every automorphism hiAeA that fixes P pointwise (i. e.--

h(p) = p for
every pEP) must fix D setwise (i

.

e. h(D) = D).
Proof

. Let 115 , i) be an extended informula and pepi sit

D = <GA" : A F Pla , pl) .

Let h : A-A be an automorphism fixing P pointwise. Then

by the prop , above

h(N) = ( h(a) : A FYli ,pt) = (n(at : A FU(h(2 , h(pt)
↓ is a bijection

Ihfixes) = (h(z) : A FY(h(i) , P)) = 45tA" : A FY 15, p74 = 0.

Examples. (a) In (L
,
0
, + ,

the set IN is not -definable becas

hi<- is an automorphism which maps IN to-IN
,
hears

q k) - 7

does notaix IN setuie
.



(b) In E == (4
,
0
, +, ·) , the at IN is D-definable due to hagrange's

Four Squares Meorem
,
which states that every ustural number

is a sum of four squares of integers , so
I = 3 n = < : E F ]xEy7z5v(x x + y , + + + vv= n)] .


